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In this vignette, we give a quick guide with R package coga. The purpose of coga is evaluation of density
and distribution function for convolution of independent gamma variables. Let X1, . . . , Xn be n mutually
independent random variables that have gamma distributions with shape parameter αi ≥ 0 and rate
parameters λi > 0, i = 1, . . . , n. Then, the random variables,

Y = X1 + · · · +Xn,

is defined as the convolution of independent gamma variables. In this package, two exact methods (Mathai,
1982 and Moschopoulos, 1985) and one approximate method (Barnabani, 2017) are implemented. The exact
here means the true value will be evaluated, which is opposite to approximate.
## load coga in R
library(coga)

A quick summary is given here for convenience, which can help you to choose the better method. For details,
please read the following sections.

speed accuracy #variables (n) parameter recycling
dcoga, pcoga slow exact >=2 yes
dcoga2dim, pcoga2dim quick exact =2 no
dcoga_approx, pcoga_approx medium approximate >=3 yes

1. Exact evaluation of convolution of gamma variables

Let us start from Moschopoulos(1985), which is implemented as the R function dcoga and pcoga. By
this two functions, we can calculate density and distribution function of convolution of gamma variables
with n ≥ 2. For example, we have Y = X1 + X2 + X3, with X1 ∼ Gamma(2, 3), X2 ∼ Gamma(5, 2) and
X3 ∼ Gamma(7, 4). Then, the density and distribution function of Y at a grid, 1, 2, . . . , 10, can be evaluated
by the following code.
dcoga(1:10, c(2, 5, 7), c(3, 2, 4))

## [1] 3.363844e-05 1.295149e-02 1.254798e-01 2.783394e-01 2.820258e-01
## [6] 1.772706e-01 8.124817e-02 2.985823e-02 9.341621e-03 2.589356e-03

pcoga(1:10, c(2, 5, 7), c(3, 2, 4))

## [1] 3.014360e-06 3.036587e-03 6.107646e-02 2.697602e-01 5.641851e-01
## [6] 7.970735e-01 9.228391e-01 9.749704e-01 9.928284e-01 9.981365e-01

We also show the correctness of these methods by following plot. The left plot is for density and the right
plot is for distribution function. The blue lines in these plots is from simulation work and the red lines is
from dcoga and pcoga.
set.seed(123)
## do grid
y <- rcoga(100000, c(2, 5, 7), c(3, 2, 4))
grid <- seq(0, 15, length.out=100)
## calculate pdf and cdf
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pdf <- dcoga(grid, c(2, 5, 7), c(3, 2, 4))
cdf <- pcoga(grid, c(2, 5, 7), c(3, 2, 4))

par(mfrow = c(1, 2), mar = c(2,2,1,0))
## plot pdf
plot(density(y), col="blue")
lines(grid, pdf, col="red")

## plot cdf
plot(ecdf(y), col="blue")
lines(grid, cdf, col="red")
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By these two function, dcoga and pcoga, we can gain the precise value of density and distribution function of
convolution of gamma variables. But, the speed of computation can be improved further under convolution of
two gamma variables case (n = 2). Mathai(1982) gives us this method, which is implemented as dcoga2dim
and pcoga2dim. For example, we have Y = X1 +X2, with X1 ∼ Gamma(2, 3) and X2 ∼ Gamma(5, 2) and
we calculate the density and distribution function by following code. Note that dcoga2dim and pcoga2dim
give us the same result as dcoga and pcoga.
dcoga2dim(1:10, 2, 5, 3, 2)

## [1] 0.0411859988 0.2777396118 0.3403093599 0.2095050875 0.0890108622
## [6] 0.0300338151 0.0086685609 0.0022361577 0.0005301785 0.0001177327

dcoga(1:10, c(2, 5), c(3, 2))
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## [1] 0.0411859988 0.2777396118 0.3403093599 0.2095050875 0.0890108622
## [6] 0.0300338151 0.0086685609 0.0022361577 0.0005301785 0.0001177327

pcoga2dim(1:10, 2, 5, 3, 2)

## [1] 0.00808714 0.16253645 0.49639106 0.77705516 0.92117138 0.97629377
## [7] 0.99367213 0.99845685 0.99964924 0.99992462

pcoga(1:10, c(2, 5), c(3, 2))

## [1] 0.00808714 0.16253645 0.49639106 0.77705516 0.92117138 0.97629377
## [7] 0.99367213 0.99845685 0.99964924 0.99992462

Now, let’s take a look at the difference of computation time between these two methods, which reveals the
huge computation speed advantage of dcoga2dim and pcoga2dim.
microbenchmark::microbenchmark(dcoga2dim(1:10, 2, 5, 3, 2),

dcoga(1:10, c(2, 5), c(3, 2)),
pcoga2dim(1:10, 2, 5, 3, 2),
pcoga(1:10, c(2, 5), c(3, 2)))

## Unit: microseconds
## expr min lq mean median
## dcoga2dim(1:10, 2, 5, 3, 2) 6.061 7.2710 11.40627 10.5910
## dcoga(1:10, c(2, 5), c(3, 2)) 2474.741 2864.6585 4601.76814 3058.6510
## pcoga2dim(1:10, 2, 5, 3, 2) 390.626 395.1465 398.34207 396.6935
## pcoga(1:10, c(2, 5), c(3, 2)) 2691.853 2975.7200 4772.60820 3269.3910
## uq max neval cld
## 14.6130 24.606 100 a
## 3233.3930 22666.233 100 b
## 399.4405 438.358 100 a
## 3492.0040 25002.163 100 b

2. Approximate evaluation of convolution of gamma variables

The approximate method is given by Barnabani(2017) and is implemented as dcoga_approx and
pcoga_approx, which only give us the approximate result but also give us the benefit of computation
speed. We mention that this method only work for n ≥ 3. For example, we have Y = X1 + X2 + X3,
with X1 ∼ Gamma(2, 3), X2 ∼ Gamma(5, 2) and X3 ∼ Gamma(7, 4). Then, the density and distribution
function of Y at a grid, 1, 2, . . . , 10, can be evaluated by the following code.
dcoga_approx(1:10, c(2, 5, 7), c(3, 2, 4))

## [1] 3.882054e-05 1.370563e-02 1.264513e-01 2.757307e-01 2.805617e-01
## [6] 1.786373e-01 8.258924e-02 3.013126e-02 9.117437e-03 2.360774e-03

pcoga_approx(1:10, c(2, 5, 7), c(3, 2, 4))

## [1] 3.509682e-06 3.261758e-03 6.255803e-02 2.703705e-01 5.622780e-01
## [6] 7.952981e-01 9.226225e-01 9.755455e-01 9.933694e-01 9.984289e-01

The veracity of approximation method is shown in the following plot.
set.seed(123)
## do grid
y <- rcoga(100000, c(2, 5, 7), c(3, 2, 4))
grid <- seq(0, 15, length.out=100)
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## calculate pdf and cdf
pdf <- dcoga_approx(grid, c(2, 5, 7), c(3, 2, 4))
cdf <- pcoga_approx(grid, c(2, 5, 7), c(3, 2, 4))

par(mfrow = c(1, 2), mar = c(2,2,1,0))
## plot pdf
plot(density(y), col="blue")
lines(grid, pdf, col="red")

## plot cdf
plot(ecdf(y), col="blue")
lines(grid, cdf, col="red")
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3. Parameter recycling

The parameter recycling means if the input of shape and rate have different length, the function will make
up the shorter one to the longer one. For example, these two pairs of code will give us the same result.
dcoga(1:5, c(1, 2), c(1, 3, 4, 2, 5))

## Warning in dcoga(1:5, c(1, 2), c(1, 3, 4, 2, 5)): number of rate is not a
## multiple of shape.

## [1] 0.06312673 0.30528954 0.31055854 0.18197777 0.08348673
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dcoga(1:5, c(1, 2, 1, 2, 1), c(1, 3, 4, 2, 5))

## [1] 0.06312673 0.30528954 0.31055854 0.18197777 0.08348673

pcoga(1:5, c(1, 3, 5, 2, 2), c(3, 5))

## Warning in pcoga(1:5, c(1, 3, 5, 2, 2), c(3, 5)): number of shape is not a
## multiple of rate.

## [1] 0.0001059771 0.0322652799 0.2792503481 0.6584623021 0.8928924252

pcoga(1:5, c(1, 3, 5, 2, 2), c(3, 5, 3, 5, 3))

## [1] 0.0001059771 0.0322652799 0.2792503481 0.6584623021 0.8928924252

Within this package, dcoga, pcoga, rcoga, dcoga_approx, pcoga_approx have this future.
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